The layer removal method is often used for measurement of internal stresses in homogeneous polymeric materials. In order to extend the use of this method to laminated composites certain refinements are needed. These include: (i) use of varying material properties (elastic moduli) through the thickness of the composite plate; (ii) use of geometric non-linear analysis to account for large deformations;
INTRODUCTION
Plastics reinforced with continuous and short fibres, viz. composite materials, are used increasingly in non-structural as well as structural applications.
Almost every composite product produced above room temperature, and used at room temperature, contains residual stresses. The major cause for these residual stresses is the difference in the thermal expansion coefficient between fibre and matrix in combination with a high processing temperature and a varying fibre orientation through the thickness of a product.
These stresses are referred to as thermal anisotropy stresses. A knowledge of the residual stresses is important for reliable strength assessment. They use up a part of the inherent material strength. Many cases are reported in literature where the thermal anisotropy stresses use up more than half the matrix strength [1, 2] .
Composite designers have developed methods for simulating residual stresses. Often the 'classical lamination theory' (CLT) is used. However, there is a lack of experimental validation proving the prediction to be correct. For experimental validation, a reliable technique is needed.
An established method for experimental evaluation of residual stresses in homogeneous isotropic materials is the layer removal method [3] . However, the layer removal method in its present form cannot be used on composite materials with a variation in properties through its thickness. Paterson & White [4, 5] developed the layer removal method for use on plates with a depth-varying modulus. But, in their final analysis, they do not consider the fact that in composite products the Poisson's ratios can also vary considerably through the thickness.
In addition, in composite plates, the curvatures after layer removal can become large. Where this occurs, the CLT no longer provides the correct basis for calculations. Hyer [6, 7] , Jun & Hong [8, 9] and Peeters et al. [lo] show that large (thermal) curvatures in non-symmetric composite plates cannot be calculated using the CLT but that an energy approach can be used.
In this research, a modified layer removal method was developed in which variation of mechanical properties through the thickness is 336 M. P I. M. Eijpe, P C. Powell taken into account and in which an energy approach is used to account for the large curvatures resulting from successive layer removal. The derivations are performed for crossply laminates.
The modified layer removal method is validated for a polyetherimide (PEI) continuousglassfibre-reinforced laminate and a polycarbonate (PC) short-glassfibre-reinforced laminate.
LAYER REMOVAL METHOD
In the layer removal method, thin layers are machined from one surface of a plate and the curvature that is produced to restore force equilibrium is measured at each incremental removal. The curvature profile against thickness removed can then be used to derive the stress profile through the thickness in the original plate. The layer removal analysis can be divided into two parts. The first part deals with the relation between the deformations after layer removal and the induced force and moment resultants. This part is material and sample-geometry dependent.
The second part is the relation between the induced moment resultants (MI) and the stresses (ai) in the original sample. This part is independent of material or sample geometry and was derived by Treuting & Read [3] . For the x-direction, it is given by 2 a&,>= -
The co-ordinates definition used is given in Fig.  1 . The relation between the induced moment resultants and the deformations after layer removal for composite plates will be derived in the next section.
THEORETICAL ANALYSIS
The CLT [ll] p rovides a relation between moment resultants per unit width (Mj) and midplane strains (c") and curvatures (tii) for a crossply laminate. The moment resultant per unit width in the x-direction is given by where B, ,, D, , and D,, are stiffness coefficients as defined in the CLT. Using eqn (2), the variation in mechanical properties through the thickness is accounted for.
The CLT is strictly valid for small deformations only.
A different approach is needed if the curvatures after layer removal become large. Non-linear terms in the strain-displacement relations can no longer be neglected, as is done in the CLT. Accounting for these terms is done using an energy approach described by Jun & Hong [8, 9] and Peeters et al. [lo] . The Rayleigh-Ritz method [12] is used to obtain solutions. In this approach, the stored potential energy in the system is calculated as a function of unknown Ritz coefficients (Ye) from an assumed displacement field. This system is in a stable equilibrium when the potential energy is at a minimum.
This minimum can be found by minimizing the potential energy (rr) according to the Ritz coefficients r,: 
where a, a,, a3, b, b, and b3 are the unknown Ritz coefficients earlier indicated as ri. Here a and b are, respectively, the curvatures IC, and 'cy, and a, and b, are the midplane strains E: and E: at x =y = 0. Substitution of eqns (6) and (7) in eqn (5) gives an expression for the potential energy in terms of the unknown Ritz coefficients. To minimize the potential energy with respect to the ri, a set of six equations can be formulated as
Equation (8) contains 10 unknowns, viz. a, a,, u3, b, 6, and 6, and the force and moment resultants per unit width N,, NY, M, and My. To solve eqn (8) at least four unknown parameters will have to be determined. In addition to the curvatures in the x-and y-directions, the strains at the surface can also be measured and transformed into the midplane strains. Subsequently eqn (8) can be solved to yield M, and y,,. Computing this for every layer removed results in a moment resultant per unit width profile against thickness removed. This result can be used in eqn (1) to calculate the stress profile in the original sample.
DETERMINATION OF STRESSES, STRAINS AND CURVATURES
The major contribution to residual stresses in composites are the thermal anisotropy stresses as indicated in the Introduction.
For validation purposes, they are now assumed to be the only stresses present. These residual stresses are calculated for validation samples as a reference using the MPE approach.
Also the curvature and strain profiles, that would have been obtained by layer removal experiments on these validation samples, are determined from which the stresses are computed using the modified layer removal analysis, taking account for large deformations and varying material properties through the thickness.
Thermal anisotropy stresses
For a symmetric laminate, the thermal anisotropy stresses can be calculated using the CLT. However, for non-symmetric laminates, where out-of-plane deformations can be large, the earlier described energy approach must be used. This energy approach gives the same results as the CLT for small or no out-of-plane deflections and therefore will also be used for calculations on symmetric samples.
Equation (5) provides the basis for the calculations using the energy approach of thermal curvatures and strains in laminates, which result from cooling the laminates from the processing temperature to room temperature. During cooling, stresses and deformations will start to develop from the stress-free temperature, which is often the glass temperature for amorphous thermoplastic resins and is generally lower than the processing (melt) temperature.
For calculation of the thermal strains and curvatures only N, and A4, in eqn (5) induced by layer removal, have to be replaced by thermally induced force and moment resultants N,? and MT. Nf' and MT are given by where y1 is the number of plies in the laminate, hf is the thickness co-ordinate of the top of ply f and E;,~ are the thermal expansion coefficients of ply f in the X-, y-and xy-components. The thermal anisotropy stresses in each ply f can subsequently be obtained from the unconstrained thermal strains (E&= ]aif-dT) for each individual ply f and the thermal strains of the complete laminate (E,:~ (z) = rFL +zrc$J according to
Curvature and strain profiles resulting from layer removal
Layer removal on an initially symmetric laminate containing thermal anisotropy stresses means that a non-symmetric laminate is created that develops curvature and strain. These curvatures (Fig. 2, case a) are equivalent to the curvatures obtained by directly cooling such a non-symmetric laminate from stress-free temperature to room temperature (Fig. 2, case b) . However, the strains are not the same. symmetric sample from which no layer is yet removed. This initial strain should therefore be subtracted from the strains determined in case (b).
MATERIALS AND VALIDATION EXAMPLES
Theoretical validation experiments were performed on laminates from two different materials. The first material is a polyetherimide (PEI) resin reinforced with 50% continuous glassfibre. This material is typically used in compression-moulding of plates, where crossply lay-ups are often used. The second material is a polycarbonate (PC) resin reinforced with 40% short glassfibre. This material is used in injection moulding.
Injection-moulded plates can show skin core orientation with fibres aligned in the flow direction near the surface and aligned transverse to the flow direction in the core [13-161, which again is a typical crossply lay-up. The alignment of the fibres is caused by the mould geometry, the flow in the mould and the type of gating in the mould.
The required physical and mechanical properties of unidirectional plies made of the two materials are given in Table 1 .
The unidirectional plies of the two materials were used in four different laminates. These laminates were used in the validation to examine the influence of the material, the sample size and the laminate lay-up on the stresses in the X-and y-directions calculated in the layer removal analysis. (1) In addition, the influence of neglecting any of the input parameters in the analysis is examined. These input parameters are the curvatures and strains in the X-and y-directions and the varying material properties through the thickness. Of the input parameters, either E, or tiY is set to zero. Also, the material properties are assumed to be constant over the thickness. A typical E-modulus value of 29 GPa and Poisson's ratio of 0.3 were used for analysis on sample pg93.
RESULTS

Stresses for laminates l-4
The thermal anisotropy reference stresses in the chosen four laminates were calculated according to the MPE approach using eqn (10). The results are given in Fig. 3 Fig. 3 . Thermal anisotropy reference stresses in laminates l-4. samples, which has an influence only when curvature develops.
Only half the laminate thickness is shown as the stress profile is symmetric with respect to the midplane.
Curvature and strain profiles after layer removal
The curvature and strain profiles resulting from layer removal experiments can be predicted theoretically by the MPE approach as the thermal curvatures and strains. These are calculated for the laminates that would have been obtained by successive layer removal of thin layers from the originally symmetric laminates. Layer removal was carried out for up to half the laminate thickness. Further layer removal is not performed as in these examples the stress profile is assumed to be symmetric with respect to the midplane of the original laminate.
The thermal midplane strains in the original symmetric laminate (curvatures are zero) are subtracted from the thermal strains in laminates from which layers are removed for reasons explained earlier.
The calculated thermal curvature profiles are shown in Fig. 4 .
The calculated thermal midplane strain profiles are shown in Fig. 5 .
Moments
From the curvature and strain profiles, the moment profiles as function of remaining lami- nate thickness can be calculated. This was done using both the CLT (eqn (2)) and the MPE (eqn (5)). R esu It s are shown in Figs 6-9. Leastsquares fitting was performed on the moment values, which was used to calculate the stresses. Within a layer of constant fibre orientation, a straight line is fitted. This will result in a constant stress within the layer. The fitting is not performed over the interface with another layer because the stresses are discontinuous over this interface. The moments were also calculated for the pg93 sample (PEI/glass) using the MPE approach, neglecting either cX or 'cy or the variation in material properties.
The next section shows the corresponding influence on the calculated stresses.
Stresses
The stresses were calculated from the moment profiles using eqn (1) and a linear fit through the moment points as indicated in the moment profile figures. These calculations were performed according to the CLT and the MPE. The MPE calculations give the same results as the residual reference stress calculations in the original symmetric samples. Table 2 results for the four different crossply laminates. Table 2 also shows the results for the pg93 crossply laminate when any input parameter, as described before, is neglected.
DISCUSSION
The modified layer removal analysis using the MPE approach leads to the reference stresses for the four laminates. In all four laminates equilibrium in the stress profile is present. The errors in the CLT calculations arise because the moments are not calculated correctly. Therefore, the slope of the moment lines, as shown in Figs 6-9, will not be correct either. They both are present in eqn (1) from which the stresses are calculated. Further, the moment develop- should be linear resulting in constant stresses. However, Fig. 7 clearly shows a nonlinear moment development. Performing a higher-order polynomial fit in this case gives a better result, but leads to significant stress variation where the stresses should be constant. Table 2 reveals several important points. The pg93 sample does not show significant errors for the CLT calculation compared to the MPE calculation. However, pg1010, where the sample dimensions are larger, viz. 100 x 100 mm, does show larger errors (30-50%).
This effect of the sample dimensions can be illustrated with a diagram of the thermal curvatures in a composite plate after manufacture, as a function of the side length of the plate, calculated using the MPE. Such diagrams can be found in the literature [7-lo] (Fig. 10) .
The result of the CLT calculation is given by the curvatures at side length zero. The bifurcation point indicates the side length where the anticlastic shape of the laminate changes to a cylindrical shape. In this situation only one curvature is present and the other is suppressed. Figure 10 clearly shows that for very small side lengths the CLT and MPE give the same results for the curvatures in the X-and y-directions. For large side lengths, the CLT and MPE give the same results only for curvature in the Xdirection. For intermediate side lengths the errors between CLT and MPE are large. This implies that the sample dimension choice should not be arbitrary. For ease of analysis it is advisable to choose sample dimensions such that the linear CLT calculation approximates the MPE calculation. However, this might not always be possible owing to practical limitations.
The layer thicknesses in the laminate are also important. The cg93-55 sample shows the same errors in the CLT calculation as the pg93 sample. However the cg93-73 sample, where the layers are not of equal thicknesses, shows a much larger error in the CLT calculation.
The results of the cg93-73 sample (PC/glass) indicate large deformations in layer removal experiments. This cannot be neglected in the analysis. This laminate has material properties and a lay-up configuration which are very similar to injection-moulded plates. So, in principle, such analyses can be performed on injectionmoulded short-fibre-reinforced products. Table 2 further shows that large errors (70%) are introduced in the calculation of the stresses in the x-direction by neglecting the midplane strain $. Therefore, this strain has to be measured in the layer removal experiments on samples with properties varying through the thickness. Similar to the x-direction, the strain cy has to be measured for a correct calculation of the stresses in the y-direction (not illustrated here). Table 2 shows that the influence of the curvature t<V on the stresses in the x-direction is not large, but this strongly depends on the sample dimensions.
Errors of 20-30% can be introduced for other sample dimensions.
Using a very narrow specimen does not necessarily mean that the curvature in the y-direction can be neglected. It has been noticed by the authors that in some cases narrowing the y-dimension of the sample can lead to an increased influence of ~~ on the stress calculation in the x-direction. Therefore, ~~ must also be measured.
leading to small errors in stress values in specific cases. Table 2 shows the influence of approximating the varying material properties by constant material properties. The errors introduced are over 80% for the continuous-fibre-reinforced PEI/glass sample. In addition, the typical injection-moulded sample PC/glass shows errors over 80% (not illustrated in this paper) when the material properties are assumed constant (E-modulus 9.5 GPa and Poisson's ratio 0.3).
Finally, Table 2 shows that the presence of stress equilibrium in the layer removal results does not necessarily indicate that the magnitude of the stresses is correct. For example, the CLT calculation on the pglOl0 sample leads to large errors in the stresses but a near stress equilibrium is present.
4.
5.
6.
CONCLUSIONS
7.
The layer removal method is further developed for use on composite materials with varying material properties through the thickness. The need to use the variation in material properties for injection-moulded and compression-moulded plates is clearly demonstrated.
Using constant material properties in the analysis of the layer removal results leads to errors of over 80% in calculated stresses.
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IO.
The deformations in layer removal on composite materials can become large and the CLT can no longer be used for a correct evaluation. Instead, the MPE approach described in this paper can be used for a accurate calculation of the stresses from layer removal experiments. In these calculations curvatures, as well as midplane strains, are needed and have to be measured.
Neglecting strains or curvatures leads, in general, to unacceptable errors.
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1s.
The CLT only provides a good approximation of the moments (induced by layer removal)
